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Abstract 

We examine Killing spinor equations of the general eleven-dimensional pp-wave 
backgrounds, which contain a scalar H(x"^ , x~) in the metric and a three-form 
x~) in the flux. Considering non-harmonic extra Killing spinors, we show that 
if the backgrounds admit at least one extra Killing spinor in addition to the standard 
16 Killing spinors, they can be reduced to the form with H = Amnix~)x"^x^ and 
modulo coordinate transformations. We further examine the cases in which 
the extra Killing spinor is characterized by a set of Cartan matrices. The super- 
isometry algebras of the resulting backgrounds are also derived. 
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1 Introduction 



Supergravity solutions have played a central role in the study of M-theory and super- 
string theories. Among them, pp-wave backgrounds have attracted great interests re- 
cently. In the Green-Schwarz superstring on the maximally supersymmetric pp-wave 
background j2] was shown to be exactly solvable in the light-cone gauge, and full string 
spectrum has been obtained. In jS], considering the large limit corresponding to the 
Penrose limit AdS/CFT correspondence has been examined beyond the supergravity 
level, and a matrix theory on the M-theory pp-wave background was proposed. 
Eleven-dimensional pp-wave backgrounds jS] 

ds^ = 2dx+dx~ +H{x~,x'''){dx-f + {dx"')\ F = dx- A^{x-,x"'), (1.1) 

are solutions of the eleven- dimensional supergravity theory when 

A// = (1-2) 

where is a three-form on transverse spanned by x™. These backgrounds admit at least 
sixteen standard Killing spinors. At a special point in the moduli space, the background 
turns out to be the Kowalski-Glikman (KG) solution [U] which admits sixteen extra Killing 
spinors in addition to the sixteen standard Killing spinors, and thus maximal thirty-two 
supersymmetries [7j. The super-isometry algebra of the KG solution has been obtained 
in [Sj. KG solution was shown to be obtained jH] as a Penrose limit of AdS4/7 ^ S'^^'^ which 
is the near-horizon limit of the M2/5-brane background. The super-isometry algebra 
of KG solution was shown JU] to be an Inonii-Wigner (IW) contraction of the super- 
isometry algebra of AdS4/7 ^ S'^^'^. In addition to the cases with sixteen and thirty-two 
supersymmetries, it has been shown that there exist pp-wave backgrounds with 18, 20, 
22, 24, 26 supersymmetries [TTl [T21 CSl IHl CS] • Apart from special cases 01131111 their 
AdS counterparts or brane intersections have not been understood well. 

For the type-IIB supergravity theory, the maximally supersymmetric pp-wave back- 
ground and the super-isometry algebra have been obtained in The super-isometry 
algebra was shown [18^ to be derived from that of AdSs x 5*^ as an IW contraction. 
It has been shown that there also exist non-maximally supersymmetric pp-wave back- 
grounds [TT[ [THl dl 1201 122] ■ For the type-IIA supergravity theory, the maximally 
supersymmetric pp-wave background does not exist The non-maximally cases were 
found in ^21 dl 1^ 1211 • For the lower dimensions, the maximally supersymmet- 
ric pp-wave backgrounds were found in j2SI for five- and six- dimensions, and in [211 for 
four- dimensions. The relation among these lower dimensional backgrounds were discussed 
in [271. 

In this paper, we examine the M-theory pp-wave background ()1.1|) in the light of 
supersymmetries. Supersymmetries are determined by the Killing spinor equation Vm£ = 



2 



of the background. For the maximally supersymmetric case , this condition reduces 
locally to the vanishing condition of the curvature of the supercovariant connection Vm- 
Because the Killing spinor e contains trivial entries for the non-maximally case, it is not 
enough to examine the vanishing curvature condition of the supercovariant connection Vm 
in order to derive Killing spinors and determine how many supersymmetries or Killing 
spinors are preserved. We show that the M-theory pp-wave background (jl.lj) is highly 
restricted if there is at least one extra Killing spinor. In particular, we find that the 
condition for the existence of at least one extra Killing spinor restricts H and ^ in to 
be Amn{x~)x"^x"' and ^{x~), respectively. In addition, for the case that the Killing spinor 
is characterized by a set of projectors only, H and ^ are found to reduce to Am{x"^y and ^, 
respectively. The resulting background is nothing but the pp-wave background assumed in 
the literature. Thus, our consideration clarifies why and when it is appropriate to consider 
the form of the pp-waves simply assumed in the literature. Moreover, our consideration 
makes it clear how to construct a;~-dependent (time-dependent) pp-wave backgrounds. 
We show in appendix B that the time-dependent pp-wave background related to the anti- 
Mach type background |2H] by a coordinate transformation [32] is characterized by the 
Killing spinor equation which is not expandable with respect to projectors only. 

This paper is organized as follows. In the next section, we prove a uniqueness the- 
orem which states that H{x~,x"^) and ^{x~,x"^) can be reduced to Amn{x~)x^x'^ and 
a three-form ^{x~), respectively, modulo coordinate transformations, provided that the 
background admits at least one extra Killing spinor in addition to the standard sixteen 
spinors. In section 3, we examine the cases in which the extra Killing spinor is character- 
ized by a set of Cartan matrices. The super-isometry algebra of the resulting background 
is given in section 4. The last section is devoted to a summary and discussions. 

2 Uniqueness 

The general pp-wave background we consider in this section is 

ds^ = 2dx+dx- + H{x'^,x-){dx-f + {dx"')\ F = dx~ A ^{x"',x-) (2.1) 

where both the scalar H and three-form ^ on spanned by x"^, are functions of x~ and 
x"*. This is a supergravity background when 



where A is the Laplacian on E^. The frame one-forms defined by ds'^ = 2e^e + Smn^^^ 
are 




Imn 



(2.2) 



e 



dx 



e 



.+ 




e 



dx' 



.m 



(2.3) 
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and thus the spin connection is given by 

W^rn = ]fmHdx-. (2.4) 

Kilhng spinor equations for general M-theory backgrounds 

VmS = {Vm - ^M)e = 0, (2.5) 
VM = dM + \wfjT,,, ^]^, = _LF^Q^^(r^Q^?5j,, + 8r^«X), (2.6) 

boil down on this pp-wave background to 

d+e = 0, d-e-^dmHT"'T+e = n^e, 8^6 = n^e, (2.7) 

where 

= ^(^n^0 + 3er^)r+, q_ = -le(r+r_ + 1), e = (2.8) 

It is convenient to introduce nine- dimensional gamma-matrices 7^ € Spin{9) by 

rm = 7m®cr3, r± = I16 (S) 0-±, Cr± = ^ ((Ti ± ica) . (2.9) 

v2 

By the light-cone projection operator defined as V± = ^T±T:f, Killing spinor e decomposes 
into 

where e+ is called the standard Killing spinor which exists for general pp-wave back- 
grounds, while £_ is the extra Killing spinor. In terms of e±, Killing spinor equations ()2.7p 
are expressed as 

= 0, (2.11) 

d-e+ - ^dmHre- = -\es+, (2.12) 

dme+ = — i'^mO + 36'7^)£:_ , (2.13) 
a+£_ = (2.14) 

d-e. = +^0e., (2.15) 
dmS- = 0, (2.16) 

where 6 = ^6mn7'™"- In the following, we examine these equations and derive conditions 
on H and ^, providing that there exist at least one extra Killing spinor. 
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For non-maximally supersymmetric pp-wave backgrounds, £_ contains trivial entries. 
The projection operator P/ of £_ into J-th non-trivial entry can be constructed as 

P/ = diag{0, ...,0,1,0, ...,0). (2.17) 

For the background which admits extra Killing spinors, the projection is 

P= Yl £-=P^-- (2.18) 

I=h,...,lN 

It follows from ()2.14|) and ()2.16|) that e_ is independent of and x™. This implies that 
Os- depends only on x~ from ()2.15j) . In other words, ^P depends only on x~ . From ()2.1H) . 
we also see that 5+ is independent of x^. Acting 7™ on (j2.1H|l . one finds that 

7™a™e+ = (2.19) 

because 7"^ (7m 6* + 3^7^) = for M-theory pp-wave backgrounds.^ Further acting 7"'9„ 
on this equation, we find that £+ satisfies the Laplace equation 

d"'dme+ = 0. (2.20) 

Consequently £+ must be linear in at most, up to a harmonic function. In this paper, 
we concentrate on the non-harmonic function part.^ We can thus write £+ as 

£+ = £o{x-) + em{x-)x"' (2.21) 

where £0 and Sm are functions of x~ only and ()2.1Hj) becomes 

em = ^hme + 36^^)6.. (2.22) 

Since Em and 9¥ depend only on x~ , so does O'-fmF for all m. Because P is made of 
products of 7m as will be seen in subsections 2.1 and 2.2, 7mIP/ = ^jlm for generic I ^ J . 
If both P/ and Pj are contained in P, 7mP = P7m, whereas 7mP = P7m if P/ is contained 
in P but Pj is not, where P is the projection operator complementary to P satisfying 
P -|- P = I16. Thus the term ^7mP is equal either to ^P7m for a certain set of m or to 
^P7m for the rest of m. No new condition arises in the former case, whereas in the latter 
case W must depend only on As a result, from the fact that both ^P and ^P depend 
only on x~ , which are derived below (2.18) and above, respectively, we can conclude that 
9 depends only on x~ . From (j2.12p . dmH must be linear in at most, and thus we can 
write H as H = f{x~) + gm{x~)x"^ + A where /, gm and Amn are functions 

of x~ only. 



iRemember that 6 = ^6™n7''""- 

^It is interesting to include the harmonic function into the study and examine the resuhing background. 
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To summarize up to this point, we have shown that M-theory pp-wave backgrounds 
with extra supersymmetries can be reduced to the form 

ds^ = 2dx+dx~ + (^f{x-) + gm{x-)x'^ + A^„(a;-)x'"x") {dx- f + {dx^^f, 
F = dx-A^{x'). (2.23) 

We now argue that fix^) and gmix^) can be absorbed by a coordinate redefinition 

x+ = y+ - F{x-) - G^{x-)y^, x^ = y^- H^{x-). (2.24) 

The fine element then becomes 

ds^ = 2dx~ 



dy+ + dx-{-dF + 1/ - g^H^ + lA^„//'"if" + \{dH^f} 



+ dx-y'^i-dGrr. + ]^g^ - A^r.H^} + dy^{-Grr. - dH^} + ^A^r^y'^y-dx 
+ {dyn'- (2.25) 
We see that if we choose F, Gm and H"^ such that 

-dF + 1/ - g^H"^ + ^Arr.nH'^H^ + ^mn^ = 0, 

-dG^ + ]^grn - AmnH'' = 0, (2.26) 

— Gm — dHfn = 0, 

the fine element reduces to 

ds^ = 2dy+dx- + Amny"'y'"{dx-f + {dy"'f. (2.27) 

The transformation ()2.24p does not affect F = dx~ A ^. 

In summary, we have shown that M-theory pp-wave backgrounds which admit extra 
Killing spinors^ can be reduced to the form 

ds^ = 2dx+dx~ + Amn{x~)x"'x''{dx~y + (c^x'")^ F = dx' A ^{x"), (2.28) 

modulo coordinate transformations. 

Amn{x~) and C{x~) are restricted by the condition ()2.12|) . On the background ()2.28|) . 
becomes 

d^Em - ^A„„7"£_ = -^esm, (2.29) 
which, together with ()2.22|) . implies that 

[12d_U(^rn) + U(^m)0 + 36'(m)f/(m) + Vim) " 12^y4m]£_ = -D(m)£^- = 0, (2.30) 

■^It should be noted again that we are considering non- harmonic extra KiUing spinors £+. 



6 



where 

9 

U(m) = + 36'(m), 7mO(m) = dim-, = —12^ ^^mnT™"") = Amm- (2.31) 



n=l 



We examine this condition in the next section for the cases in which D(^m) is expanded 
solely in terms of mutually commuting projectors. 



3 i^(m) expandable in mutually commuting projectors 

For the existence of extra Killing spinors, -D(m) must be a linear combination of projection 
operators. Here we restrict our study to the case in which -D(m) is expanded solely in 
terms of mutually commuting projectors.^ Projection operators are composed of Cartan 
matrices, Hj, as 



(3.1) 



There are infinitely many Cartan matrices. Among them, we consider the simplest case 
in which Cartan matrices are monomials of gamma-matrices, so that Hj = j^^'^ where 
7'^] is an A^-th antisymmetrized product of gamma matrices. Other Cartan matrices are 
obtained by similarity transformations from the simplest case. We will discuss some of 
them in subsection 3.2. 



3.1 The simplest case 

In this case, it is sufficient to consider Nj = 1,2,3,4, because related to ^1 

using 'j^---^ = I. Noting that for both M and N odd 



^^mi...niM ^,ni---njvl 



.7 



27 



m\...mMn\...nis[ 



(3.2) 



^ imin{M,N) | 

_j_2 'y ^ |^(2i)! I (^'"^"l • • • 5'"A/-2i+in2i^mi---mA/-2iri2i+i---njv 

i=l 



2i \2i, 



and for either N ot M even 



^ 2 ' 



[^mi...mM^^ni...niv] _ 3 ^ (2z - 1 



i=l 



M \ N 
2i-ll \2i-l 



(3.3) 



y^^ruMni _ _ _ ^mM-2i+2n2i-i^rni...mM-2i+in2i---nN 



*More general cases are studied in |^. We thank the authors for explanation of their work. 
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where the appropriate antisymmetrization of the indices is understood on the right hand 
side, one finds that mutually commuting matrices 7^^^ must share a definite number of 
indices. We indicate the number of common indices shared among two of matrices below. 















1 





1 










0,2 


0,2 


0,2 




1 


0,2 


1,3 


0,2 


^mi---m4 





0,2 


0,2 


0,2,4 



We find two sets of mutually commuting fifteen matrices; one is 

^34^ ^56^ ^78 
^,129 ^,349 „ 569 ^,789 

7 ,7 ,7 >7 



and the other is 



^,1234 ^,3456 „,5678 ^,1256 ^,1278 ^,3478 

7 )7 ,7 )7 ,7 )7 



(3.4) 



(3.5) 
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^123^ ^145^ ^167^ ^246^ ^257^ ^347^ ^356^ 
^4567^ ^2367^ ^2345^ ^1357^ ^1346^ ^1256^ ^1247 _ 



The former is related to the latter by the similarity transformation 



Hi SHiS-\ S = e?^''' 



(3.6) 



(3.7) 



and the renaming of indices, (1, 2, 8, 9) — > (2, 3, 9, 1). Though both cases turn out to 
lead to the same result, the reasoning is considerably different and we present the analysis 
of the former case here, and the latter case is relegated to the appendix. 

Now -D(m) is constructed from ()3.5|) . and thus 6 = ^Cimnl''"^"' takes the form 

,789 
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^,129 I ^ ^,349 I „ ^,569 , ^ 

ai7 + + ^37 + 047 



(3.^ 



Aran IS restricted to be non-vanishing only when m = n and (m, n) = (1, 2), (3, 4), (5, 6), (7, 1 
Because terms in fl3.8|l commute with each other, ()2.3()j) reduces to 



0. (3.9) 

^The first set H3.5|l can be related to the Kahler form J of a Calabi-Yau four- fold with SU(4) holonomy. 
The Kahler form J is covariantly constant dJ = 0. The terms in the second line are the constituents of 
J, and those in the fourth, third and first lines are the constituents ofJAJ, JAJAJ and J A J A J A J, 
respectively. On the other hand, the second set (|3.()|l can be related to the associative three-form (poid ~ 7 
Riemannian manifold with G2 holonomy, which is covariantly constant dcf) = 0. The terms in the second 
line are the constituents of 0, and those in the third line are the constituents of the seven-dimensional 
Hodge dual of (p, *70. The first line is A *7(/). 
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U(rn) and V(m) for ()3.5p is expressed as 

,m„,129 I „m„,349 , „m,,569 , „m„,789 



= 7 + a2 7 +"3 7 +"4 7 



V{m) = /ii 7 +/^2 7 +/^3 7 +/^4 7 , 



where 



cti = (4ai, 4ai, — 2ai, — 2ai, — 2ai, — 2ai, — 2ai, — 2ai, 4ai), 

q;2 = (— 2a2, — 2a2, 4a2, 4a2, — 2a2, — 2a2, — 2a2, — 2a2, 4a2), 

Q!3 = (-2a3, -2a3, -2a3, -2a3,4a3,4a3, -2a3, -203,403), 

04 = (— 2a4, — 204, — 2a4, — 2a4, — 2a4, — 2a4, 4a4, 4a4, 404), 

fJ'f~' = -^f = -12^2^-1 2i, 2 = 1,2,3,4. (3.11) 

In this case, all the matrices ()3.5p can be constructed as products of four matrices, 
^129^ ^349^ ^569 'y''89. From these matrices, we make four rank-8 projection operators 

P^ = liI + ^7'''), P2 = ^(I + ^7^^^), 

P3 = ^(I + 27'n, P4 = ^(I + ^7'''), (3.12) 

which satisfy 

PI = Pa, PaPb = PbPa, A5= 1,2,3,4. (3.13) 

We rewrite ()3.9|) in terms of these projection operators. Because 

= _,(2Pi -I), ^349 _ _-^2P2 -I), 7^^^ = -2(2P3-I), 7^89 = -2(2P4-I), 
7I2 = _^(2P2 - I)(2P3 - I)(2P4 - I), 7'' = -^(2Pi - I)(2P3 - I)(2P4 - I), 
7^6 = -2(2Pi - I)(2P2 - I)(2P4 - I), 7'' = -^(2Pi - I)(2P2 - I)(2P3 - I), (3.14) 

[/(m) and V(m) in ()3.10|) can be written as 

U^m) = 2(a7^ + «^ + < + a™)I-22(a™Pi + a^P2 + <P3 + <P4), 

-2i{iir + + ^^':)P, - + 1^2+ /"")^4 + + ^r)^2P3 

+ ^r)PlP2 + 42(^™ + /i™)P3P4 + 42(/i™ + /^g^)P2P4 
+42(/i™ + ^^)PlP3 + + /i^)PlP4 - Si^1^P2P^Pa - 8«/X^PiP3P4 

-%i^£^PiP2Pa - 8z^™PiP2P3. (3.15) 
Substituting these into ()3.9|) yields 

I llio_[a^ + +0^3 + 04 j + Z(/ii + /i2 + ^^3 + yU4 j 



+ 4(^ - 629_a™ - ^(/t^r + + f^T) + «r« + < + «r))^3 

+ 4(^ - 6z9_< - ^(yur + + A^r) + <« + < + "D) A 

+ (Atifi^ + /i^) - 8«^a™) P1P4 + (4z(/ir + /u™) - 8 
+ (4^(^™ + /i^) - 8«^a™)P2P4 + (4z(/ir + /i^) - 8 



-8a^"a;5")P2P3 



-8a>4"^)P3P4 



- 8Z^™P2P3P4 - SiI^^PiPsPa - 8^//™PiP2P4 - 8z/Z™PiP2P3] £_ = 0. (3.16) 

In order to see which Kilhng spinor survives, it is convenient to introduce rank-1 projection 
operators of a 16-component spinor onto the I-th component: 

P/ = diag{0,...,0,l,0,...,0). (3.17) 

The rank-8 projection operators Pa can then be expressed in terms of these rank-1 pro- 
jection operators as 



Pi= Yl 

7=1,2, ..,8 

P3= Y, -P* 



E P'. 

/=1, 2,3,4,9,10, 11, 12 

7=1,3,5,7,9,11,13,15 



(3.18) 



7=1,2,5,6,9,10,13,14 

and J2i=i le^i ~ ■"■le- terms of these projection operators, ()3.16p becomes 

I Vlio^xa^ -I- a2 + <^3 +0^4) + «(/7i + /i2 + /^3 + /^4 j 

- (a^ + + + 

- 242a_(a™ + «™ + + a™) - 2i(/x™ + //^ + + /"™) j^i 



■"^^ -1224 )I 



+ 



+ 



+ 



24ia_(a7^ + + a^) - 2i/z^ + 4a^(a^ + a™ + 
24ia_(a™ + + <) - 2^^^^ + 4a^(ar + < + 



P2 



P3 



- 24ia_(a™ + a™) - 2i(^7^ + /i™) + 4(a™ + a^)(a^ + <) jP4 

- 24za_(a™ + + O - 2^^*™ + 4a™(a^ + + OjPs 

- 24ia_(a™ + a^) - 2i(^f + i^) + 4(a™ + a^)(a2"' + Ol^e 
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+ 1 

1 1 


- 2Aid. 


+ 1 

1 1 


- 2Aid 


4- 1 


— 2Aid 


-1- 1 


— 2Aid 


4- 1 


— 2Aid 




— 2Aid 


+ 1 


' - 2Md 


+ 1 


' - 2Ud 


+ 1 


' - 2Ud 



2Ud^{Q^ + O - 2i{ix'^ + /i^) + 4(a™ + 0(a™ + a 
2Ud^a^ - 2i{fi^ + + /^D + 4a™(a^ + + O jPs 
24ia_(a2" + a" + O - 2^//^ + 4a™(a^ + + 0)^9 
'2 +«3)-2i(^2 +^3)+4(ai +a4)(a2 +"3 



P 



10 



2«(^™ + + 4(a™ + + O )Pii 



P 



12 



14 



- 242a_a™ - 2z(^™ + + + 4a^(a5" + + a™) P15 



(3.19) 
= 0. 



In order to have an extra Killing spinor Pi6£-, the coefficient of I must vanish so that 



10^) f ^iTT' I ^ "I I ^ m I _m\ I f ,,m i ,,m i ,,m i ,,m"\ n 



A 



(3.20) 
(3.21) 



because the first line of the coefficient of I is imaginary while the second line is real, and 
thus these two parts must vanish separately.^ The ffist condition ()3.2()p leads to 



12a_(a2"-l + a^"-! + Q,2n~l ^ ^2n-l^ 

12a_ (af + af" + + a|") + /z^" = 
129_(a? + a^ + a^ + a^) = 0, 



+ /i: 
0, 



2n-l 



0, 



n 



from which we find that /z™" = 0. This means ^412 = A34 = A^q 

+0^2 +0^3 + ^4 j = U, 



A 



78 



1,2,3,4, 



0, and 



(3.22) 



(3.23) 



because = af^ and = — /i^" as recognized from p.lip . Consequently Am must 

be independent of because the right hand side of ()3.2ip is independent of x~ from 
eq. ()3.23p . Noting that is related to in ()3.1ip . we find that eq. ()3.23|) leads to four 
differential equations for aj: 

a_ (4ai - 2a2 - 2a3 - 204) = 0, 9_ (-2ai + 4a2 - 203 - 204) = 0, 

a_ (-2ai - 2a2 + 4a3 - 204) = 0, (-2ai - 2a2 - 203 + 404) = 0, (3.24) 



^The condition for another spinor, say Pi5e_ instead of Pig£_, to be an extra Killing spinor is simply 



obtained from H3.20|l and H3.21|l by the replacements 014 



-a™ and ^" 



-Mi 



1,2,3 using the 



relation YlT=i '^i — I- Thus, without loss of generality, we can take H3.20|l and 13.21|l as the condition for 
the existence of the extra Killing spinors. 
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which imply 

d^ai = d^a2 = d^a^ = d^a^ = 0. (3.25) 

This means that ^ is independent of x~ . The extra Kilhng spinors are determined as a 
non-trivial solution of 

+ 4<(a^ + a™ + a^)(P2 + P15) + 4a™(a7* + a!^ + 0(P3 + P14) 

+ A{aT + a^){a^ + 0(P4 + P13) + ^a^{aT + + 0(^5 + P12) 

+ 4(ar + «r)« + 0(P6 + Pii) + 4(«r + 0« + «r)(P7 + Pio) 

+ 4<(a^ + a™ + 0(P8 + P9) ]£_=0, (3.26) 

which reveals the two-fold degeneracy of the extra Killing spinors. If ()3.2H] is satisfied, 
Pi£_ and Pi6£- are a pair of the extra Killing spinors and the background admits 18 
Killing spinors, 16 standard and 2 extra Killing spinors. If, in addition, the coefficient of 
(P/ + Pij-i) is zero, then Pje^ and Pn^jS^ give another pair of extra Killing spinors. 
Examining these conditions, one obtains pp-wave backgrounds which admit 18, 20, 22, 
24, 32 Killing spinors P^. 

We find from ^HT} and ^Hl} that 

9 

AH = 2Am = -a\ -a\-al- a\, (3.27) 

m=l 

and from ()3.8|) that 

— -^^mn^'""^ = — «1 — ^2 ^3 ~ '^4- (3.28) 

Thus we see that the supergravity equation of motion is automatically satisfied for pp- 
wave backgrounds with extra super symmetries characterized by Cartan matrices ()3.5j) . 



In summary, we have shown in this section and the appendix A that M-theory pp- 
wave backgrounds which admit extra Killing spinors characterized by Cartan matrices 
()3.5|) and ()3.6|) can be reduced to the form 

ds^ = 2dx^dx- ^ A^x^x'^idx-f ^{dx'^f, F = dx~A^, (3.29) 

modulo coordinate transformations, where and ^ are constants. 

In the next subsection, we will examine more general cases that the Killing spinors are 
not characterized by monomial Cartan matrices, and show that the background reduces 
to (j3.29|) again. This suggests that the background reduces to (|3.29p when the Killing 
spinors are characterized by projectors only. Indeed we show in appendix B that the 
Killing spinors on the time-dependent pp-wave background related to the anti-Mach type 
background are not characterized by projectors only. 
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3.2 more general cases 

We consider the case in which some of Cartan matrices are not monomials. As an example, 
let us consider the similarity transformation 



Hf — > SHjS ^, S 



(3.30) 



which transforms ()3.5|) into 



, 7 

129 I,,, 39 , 349 „,,569 , i,,,478 „,,789 , i,,,456 



^129 . 
.3456 



124 



1 

a7"""' — 07 , 7' 



a7— + &7^'«,a7'«^ + 67^ 



073789^ ^5678^ ^1256^ y278^ ^^478 _ ^^3 

where a = cos^ 9 — sin^ 6 and b = 2 cos ^ sin 6*. We have used the fact ^^23456789 _ -^^ p^j, 
129_[/(m) + V(m) in -D(m) be expanded in terms of ()3.3ip . 6, U(^m) and V(m) must take the 
form 



07 

,,3569 



1234 



(3.31) 



a™7l29 _^ Q,m^349 ^ ^m^569 ^ ^m^478 ^ ^m^789 ^ ^m^456 ^ 
,,m„,12 I ,,m,,34 , ,,m,,,56 i ,,m,„,78 i ,,m,„,39 

/^i 7 + /^2 7 + Ai3 7 + Ai4 7 + A^s 7 > 



(3.32) 
(3.34) 



where 



«! = (4ai, 4ai, — 2ai, — 2ai, — 2ai, — 2ai, — 2ai, — 2ai, 4ai' 

«2 = (-2a2, -2a2,4a2,4a2, -2a2, -2a2, -2a2, -2a2,4a2^ 

as = (-203, -2a3, -2a3, -2a3,4a3,4a3, -2a3, -2a3,4a3; 

0:4 = (— 2a4, — 2a4, — 2a4, 4a4, — 2a4, — 2a4, 4a4, 4a4, — 204' 

as = (-2a5, -2a5, -2a5, -2a5, -2a5, -205,405,405,405^ 

ae = (— 2a6, — 2o6, — 2o6, 4o6, 4a6, 4o6, — 2o6, — 200, — 2o6' 

a7 = (407, 407, — 207, 407, — 207, — 207, — 207, — 207, — 207' 

The condition that -D(m) is expanded in terms of (j3.3ip implies that 
must be expanded in terms of ()3.31|1 . Because 



("l ) - ("2 ) 



a 



m\2 



I 0^™^™'^,1234 I r)^ "i^.J^^oo I O^™^"!^, 
+ 2a^ 0^2 7 + ^^1 ^3 1 + ^Q^l '^5 7 



m „ m„,1256 



(3.35) 



(3.36) 



, m„m,,1278 



+2a^a™7345^ - 2a™af 7^^^^ + 2a^a^73^^^ - 2a^a™73^^^ - 2a^a^7i239 
+2a™a^75^^^ + 2a™a^7^^^^ + 2a^a™7^278 ^ 2a^a^7^256^ (3 37) 

2(a^04 - oitt™ + a^a7 - 05a™)73^^ + 2(a™06 - oia™ + a^a7 - 03a^)73^^ 
+2(a'5"a7 - oia^T + a^a4 - 03a^ + a^oe - a3a^ - a™05 + a4a[^)7^^ 
+2(ara6 - a5a6"^)7''^ (3.38) 
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this condition means 



^1 ^2 ~ 


= 0, 








(3.39) 


„ m „ m 
(^2 (X-j - 


= 0, 








('3.40) 


a^a^ — 




+ Q^a-j 


- asa^ 


= 0, 


(3.41) 


a'^ttQ — 


aio^ 


+ a™a7 


- as a™ 


= 0, 


(3.42) 


a^aj - 




+ a™a4 


- aso;^ 


+ a^ag — asa™ — a^a^ + a4a™ = 0, 


(3.43) 


a^ae - 




= 0, 






(3.44) 



which are solved by one of the followings 

• ai, as, as ^ 0, others = 

• a2, as, as 7^ 0, others = 

• a2, a4, ae 7^ 0, others = 

• a4, ag, d-j 7^ 0, others = 

These all cases are contained in the cases, a = or = in ()3.3H1 . and thus reduce 
to the simplest case considered in the previous subsection. It is interesting to examine 
whether the condition that -D(m) is expanded completely in terms of projectors leads to 
the pp-wave background ()3.29p for general Cartan matrices. 



4 Super-isometry algebra 

In this section, we examine the super-isometry algebra in the background ()3.29|) . 

Killing vector fields of the metric are solutions of the Killing vector equations, C^g^^p = 
0. For the metric (j3.29p . the Killing vector equations are 

d+C+ = 0, dm^n + dnim = 0, 

+ = 0, d^U + dm^+ = 0, 
+ A^x'^U = 0, d.U + dU- - 2A^x"'^+ = 0. (4.1) 

Solutions for these equations contain several integral constants, which represent individual 
solutions. Each solution corresponds to components of a Killing vector field. One finds 
that the Killing vectors are 

= -\/-Ara mi^^ - A„,X')x^ d+ - COs( a/^A^X^ )(9r„ , 

^e*„ = -Am co^{^ -AmX')x^d^ - a/-^^ sin( a/- ^mX" ) (9„ , (4.2) 
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where ^Mpq exists only when Ap = AqJ The isometry algebra is obtained from these 
expressions as 

[C— J Cm] ^m' [^—1 ^m] ^mCm.) [Cmj 6^] Aui^mn^^+i 

\JV[pq^ Cm] 2(5gmCp, [iWpg, C^^] 2(5gmCp, iff ^(j; 

[Mmn, Mpg] = 45„pMmg, iff Am = An = Ap = Aq. (4.3) 

The first line shows the typical structure shared among isometrics of pp-wave backgrounds, 
nine- dimensional Heisenberg algebra generated by Cm and e*^ with an outer-automorphism 
e_. The Lorentz algebra is a direct sum of algebras which are generated by individual 
sets of generators, {Mj^}, {Mj/j/},... with Ai = Aj ^ Air = Ajr ^ .... The flux F may 
break the Lorentz symmetry further. Instead of examining Lie derivative of F here, we 
will examine this in the course of deriving the super-isometry algebra, where the Lorentz 
generator Mpg is restricted by the consistency of the algebra. 

Let us examine the super-isometry algebra of the background. The extra Killing spinor 
is determined by Killing spinor equations as a solution of [U^j^) ~ 12^Am]£- = 0. The 
extra Killing spinors, P/£-, lie in the 2A^-dimensional subspace, on which U(^m) is of the 
form 



One finds that the Killing spinor takes the form 

X+ + ^V^A^x'^lmJX- \ x+ = e-'^''~ij+, 



P^_ = ^_. (4.5) 



First, we examine the commutation relations between two of supercharges. To do this, 
we calculate £i('0+, ■?/'_) T'^e2{4''^,ipL)df^, where e = e^C and the index with a hat repre- 
sents the curved index. In accordance with ()2.9j) . the even-dimensional charge conjugation 
matrix C is expressed as C = c (8> 1(^2 where c is the nine- dimensional charge conjugation 
matrix. One finds that the result is rewritten compactly in terms of Killing vectors ()4.2j) : 



e.T^e^df, = -y2V^+V^;ee+ + v^^_PV^Ue. + ^V^^P{7'"",f/(n)}P^'_a/_ (4.6) 

V 

The QQ anti-commutators can be read off as 

/2 

{g+, g+} = -V2c c+, {Q-,Q-} = v^cP c_ + ^cP{7™", [/(„)}P Mm„, (4.7) 
Q-} = C7'"P em + C7"^ J^=i= e*^, {Q_, Q+} = C7"^P Cm - cJ7™^4= e*^. 



^Note that < from eqs. (|^?^ and HA.12|) 
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The second term in the right hand side of the second equation survives only when 
P{7™", f/(„)}P 7^ 0. This enables us to know the actual unbroken Lorentz symmetry 
in the presence of the flux. 

Secondly, we examine the commutation relations between bosonic generators and a 
supercharge. For this purpose, we define the spinorial Lie derivative 123 IHOl IHI] along 
a Killing vector field ^ 



(4i 



where the covariant derivative V/i acting on spinors (vectors) contains the spin (Levi- 
Civita) connection. After some algebra, we find that 

9 9 



(4.9) 



The last equation is satisfied only when [/(p) = which is always satisfied on the 

2A^-dimensional subspace. The commutation relations can be read off from ()4.9|) as 



0, 



[e-,Q- 



^Q+9, [e_,Q_] = -^Q_e, 



V2 



[Cm, Q-] = — A/-AmQ+7mJ, [Cm, Q+] = 0, 



(4.10) 



[^m' Q- 



\/2 1 

—A^Q+jru, [e*^, Q+] = 0, [Mpg, Q±] = -Q±ipq. 



In summary, the super-isometry algebra of ()3.29|1 has been obtained as ()4.3|) . ()4.10|) 
and ()4.1U|) . The super-isometry algebras have been given in |H1 for 32 supersymmetric 
case and in pl!3J for 26 supersymmetric case. Our superalgebra covers all supersymmetric 
cases. Note that the superalgebra obtained above preserves f2-charge 





e+ 


e_ 


e* 

m 




Q+ 


Q- 


1 


2 





1 





1 






(4.11) 



and thus enjoys fi-grading property which has played a crucial role in the Penrose limit PU] • 



5 Summary and Discussions 

We have established a uniqueness theorem which states that any M-theory pp-wave back- 
ground can be reduced to the form ()2.28|1 modulo coordinate transformations, if there 
exists at least one non-harmonic extra Killing spinor. We have examined further the 
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cases in which -D(m) is expanded in terms of projectors only. For the cases in which pro- 
jectors are characterized by monomial Cartan matrices, ()3.5p and ()3.6p . we have found 
that the background reduces to the form ()3.29|) . We have also discussed more general 
cases in which Cartan matrices are not monomials, and found that the background re- 
duces to the form ()3.29j) again. This observation suggests that the background reduces 
to the form ()3.29|1 if the Killing spinors are characterized by projectors only. In fact, we 
have showed in appendix B that the Killing spinors on the time- dependent pp-wave back- 
ground related to the anti-Mach type background [2H] are not characterized by projectors 
only. It is expected that our observation may be useful in constructing time-dependent 
backgrounds. 

In addition, for the pp-wave background ()3.29|1 . we have derived the super-isometry 
algebras which contain 18, 20, 22, 24, 26 and 32 supercharges. 

It is interesting to examine the similar uniqueness theorem for pp-wave backgrounds 
in lower dimensions. For type-IIB pp-wave backgrounds with the self-dual five-form RR- 
field strength, the similar uniqueness theorem can be discussed jH21- We also expect that 
the similar uniqueness theorems can be established for pp-wave backgrounds in six-, five- 
and four- dimensions. 

It is known that Killing spinor equations for maximally supersymmetric backgrounds 
imply the supergravity equations of motion. We have seen that the pp-wave backgrounds 
which admit at least one extra Killing spinor automatically satisfy the supergravity equa- 
tion of motion, and thus the Killing spinor equations imply the supergravity equation of 
motion even for non-maximally supersymmetric cases. This suggests that Killing spinor 
equations for backgrounds with extra supersymmetries have rich algebraic structures, just 
as those for maximally supersymmetric backgrounds. In [23], maximally supersymmetric 
backgrounds were classified examining the algebraic structures of Killing spinors.^ It is 
interesting to classify all non-maximally supersymmetric backgrounds which admit more 
than 16 supersymmetries. 

M-brane actions on the non-maximally supersymmetric pp-wave backgrounds can be 
constructed using supercurrents on the supergroup manifold corresponding to the super- 
algebras obtained in section 4. Examining the properties of such models may be useful to 
gain deeper insights to M-theory and the non-maximally supersymmetric pp-wave back- 
grounds. 
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classification of backgrounds which admit at least one Killing spinor was discussed in [33] 
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Appendix 



A the case ( 13.61) 



In this appendix, we discuss the case in which D(^rn) is expanded with respect to Cartan 
matrices ()3.6|) . The 6 = ||^imn7'™" takes the form 

e = 617I23 + ^,,^145 + ^3^167 ^ ^^^246 ^ ^^^257 ^ ^^^347 + ^^^356^ (^.1) 

and Amn is restricted to be non- vanishing only when m = n and (m, n) = (8, 9). Because 
terms in (jA.lj) commute with each other, ()2.H()|1 reduces to ()H.9|) as before, [/(m) and V(m) 
for (jH.fij) is expressed as 



U(m) 



where 



3m.,356 



(A.2) 



Pi = 


(46i,4fei,46i, -2fei, -26i, -2h, -2h, 


-26i, 


-26i) 


f32 = 


(462, -262, -262, 462,462, -262, -262, 


-262, 


-262) 


= 


(463, -263, -263, -263, -263, 463, 463, 


-263, 


-263) 


A = 


(-264, 464, -264, 464, -264, 464, -264, 


-264, 


-264) 


/35 = 


(-265, 465, -265, -265, 465, -265, 465, 


-265, 


-265) 


= 


(-266, -266, 466, 466, -266, -266, 466, 


-266, 


-266) 


Pr = 


(-267, -26r, 467, -267, 467, 467, -267, 


-267, 


-267) 


= 


-1.'^ = -12^89. 







(A.3) 



In this case, all the matrices ()3.6p can be expressed as products of four matrices, 7' 
^123^ ^167 ^356_ Pj^qj-q thesc matrices, we make four rank-8 projection operators 



89 



1 



167\ 



P3 



-(I + 27' 



356 \ 



(A.4) 



which satisfy 



p2 



Pa, PaPb = PbPa, A, 3 = 0,1,2,3. 



(A.5) 



Because 

,123 



7 
7 
7' 



246 



347 



-2(2Pi - I), 7^^^ = -z(2Po - I)(2Pi - I)(2P2 - I), 7''' = -^(2P2 - I), 
^(2Po - I)(2P2 - I)(2P3 - I), 7''' = -^(2Pi - I)(2P2 - I)(2P3 - I), (A.6) 



-2(2Po-I)(2Pi-I)(2P3-I), 7 
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356 



-2(2P3-I), 7^ 



-^(2Po 



U(rn) and V(m) in ()A.2|) can be expressed in terms of projection operators Pa as 



(m) 



V, 



(m) 



-22{(3T - + PT)Po - 2^(/3^ + + + PT)Pi 

-22{f3^ + - PT + Pr)P2 - H-(^T + + + f^T)P^ 

+At{[3^ + Pt)P^Pi + 4z(/5r - /3r)PoP2 + 4^(-/5r + /36"^)PoP3 
-8iPTPoP,P2 - m^PoPiPz + mTPoP2Pz - 8Z(3^P,P2P3, 



Introduce rank-1 projectors of a 16-component spinor into the I-th component: 



(A.7) 



(A.8) 



P/ = rfza^(0, ...,0,1,0, ...,0), 
and the rank-8 projection operators Pa can be obtained by their linear combinations as 

Po 

1=1,2;. 

p,= Y, P3= > n», 



7=1,2,3,4,5,6,7,8 



P7, Pi= 

7=1,2,3,4,9,10,11,12 

'2= 2^ JT/, r-3 = ^ IT/. 

7=1,2,5,6,9,10,13,14 7=1,3,5,7,9,11,13,15 



(A.9) 



In terms of P/, ()3.9p becomes 



+ 
+ 



+ 
+ 
+ 
+ 
+ 
+ 



2Aid.{pr + PT + PT) 

24td.{f3r + PT + PT) 



PT + PT + PT + P?) - '^'^""j Pi 

- 2tu'^ + 4(/?r + (3^ + (3^){-(3T + PT + PT + PT)) P2 

- 2tu'^ + 4(/5™ + (3^ + /?r)(/32" + PT - PT + PT)) P3 

- 2«z/™ + 4(/9f - /?f + + /?3™ + + pjp)) P4 

24za_ {p^ - PT + PT) - 2^1^" + ^{PT - PT + PT) iPT + PT + PT + PT)) 

2Aid{PT + PT + PT) - 2tu"' + 4{PT + PT + PT){PT + PT - PT + PT)) 

24id_ {PT + PT + PT) - 2^1^" + KPT + PT + PT) {PT + PT - PT + PT)) ^7 
2Aid^{PT - PT + PT) - 2^^^" + KPT - PT + PT){PT + PT + PT + PT)) 
2Aid. {PT + PT + PT + PT) + 4(/3r - PT + /?6"^) (/3r + PT + /^5"^ + /^7"^)) P9 

242a_ (/5r + /^g"^ - PT + /^e"^) + KPT + /?5"^ + /?7"^) {PT + /53"^ - /34™ + PT)) Pio 
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+ ( 


- 24:id. 


iPT + f^2 - PT + f^T) 


+ 4(/33™ + /3r 


+/36"^)(/?r+/3r 




+ PT) 


) p 


+ ( 


- 24ia_ 




+ 4(/33"^-/?r 








) p 


+ ( 


- 24id- 


{P^ + fiT + (^"^ + (^T) 


+4(/?r-/3r 




+ 0T 


+ /^D' 


) p 


+ ( 


- 2425- 


{P^ + fiT - + fiT) 








+ 


) p 


+ ( 


- 24ia_ 


+ + + (3rr) 











11 



12 



13 



14 



p 
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0. (A.IO) 



Again the coefficient of I of the above equation must vanish in order to give an extra 
KiUing spinor, which is then Piee-- We get 



V2d_ (/^r + /32™ + /?3™ - Pt + + Pt + /^t") + = 

1 (/3r+/32™+/33"^-/3r+/5r+/?6™+/?n'. 



0, 



122 



The former equation imphes that z^™ 

9_(/5r+/?2"^+/?3"^ 



0, which means Agg = 0, and 

+ /?5"^ + /^e"' + /^r"^) = 0, 



(A.ll) 
(A.12) 

(A.13) 



because /3f = /3f while i^® = —v^. We see from eq. ()A.13|) that A^. in ()A.12p is independent 
of X-. With the help of (rO|l . eq. (|Xl3|l leads to 



= dJ32 = d^b-i = d^bi = d-b^ = d-b^ = d-bj = 0, 



(A. 14) 



which implies that ^ is independent of x . The extra Killing spinors are determined as 
non-trivial solutions of 



- iPT + PT + PT - PT + PT + PT + PTf - 12' A, 
+ 4(/3r + + p^){-PT + PT + PT + P?) (P2 + Pi5 
+ 4(/3r + PT + P?){P^ + PT - PT + P^) (Ps + F14) 
+ 4(/3r - (3T + PDiPT + PT + PT + PT) (P4 + P13) 

+ - (3^ + + (3^ + + (3^) (P5 + P12) 

+ ^iPT + PT + PT)iPT + PT - PT + PT) (n + Fn) 
+ 4(/3™ + PT + PT)iPT + PT - PT + PT) (P7 + Pio) 
+ 4(/3r - PT + PT) iPT + PT + PT + PT) in + P9) ' 



I 



0. 



(A.15) 



This again shows the two-fold degeneracy of the extra Killing spinors. If (|XI2|1 is satisfied, 
Pi£:_ and Pie^- become a pair of extra Killing spinors, and the background admits 18 
Killing spinors, 16 standard and 2 extra Killing spinors. In addition, if the coefficient 
of (P/ + Pi7_/) vanishes, P/£_ and Pi7_/£_ become a pair of additional Killing spinors. 
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Examining these conditions, one finds pp-wave backgrounds which admit 18, 20, 22, 24, 
26, 32 Kilhng spinors OUS]. 

The supergravity equation of motion is automatically satisfied for pp-wave back- 
grounds with extra supersymmetries, because one sees from (r02|) and ^K^^ that 

9 

AH=J2 2^- = -bl -bl-bj-bl-bj-bl- hi (A.16) 

m=l 

and from ()A.1|) that 

- ^6™n?""" = -h\ -bl-bl-bl-bl~bl- bl (A.17) 

In summary, we have shown in this section that M-theory pp-wave backgrounds which 
admit extra Killing spinors characterized by Cartan matrices ()3.6|) can be reduced again 
to the form (jlT^ . 

B Similarity transformations 

We study the similarity transformations of ()3.5|) by 

S = e'^"' and then S' = e''^'\ (B.18) 
The matrices (j3.5j) become 

a/ + 6(aV^«^-6V^^^), a7^^ + &(aV + &V), 7^', 7^', 7^', V'', 

49 ^ f,^^/^256 ^ ^/^156)^ ^^569 ^ f,^^/^234 ^ f,/^134)^ ^^789 _ ^(^/^19 _ ^/^29)^ 
a^l234 _ ^(^/^1569 _ ^/^2569)^ ^^3456 _ ^^^/^2 ^ y^l^^ ^5678^ 

ay256_^^^y349 _j,y349)^ a7l278 _^^^y ^^Y)^ ^3478^ ^B_;L9) 

where a = cos^ ^ — sin^ 6', b = 2 cos ^ sin 6*, a' = cos"^ 9' — sin^ ^' and b' = 2 cos 6*' sin 0'. 
The Cartan matrices SHjS~^ contain the matrices used for the anti-Mach type pp-wave^ 
found in [2H], and thus the matrices ()B.19|) is relevant to the time-dependent pp-wave^° 
which is related to the anti-Mach type pp-wave by a time-dependent coordinate transfor- 
mation 132]. It is interesting to examine the -D(m) for this time-dependent pp-wave. For 



^The matrix theory on this background was constructed in |34| 
Strictly speaking this background is not time-dependent because there is a static chart. In the 
Brinkmann coordinate system we are using, the background looks time-dependent, but the anti-Mach 
type background is static. 
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this purpose, we consider the case in which 6 is expanded with respect to a part of ()B.19|) . 



where 



e 

U(m) 



„ „,278 , „ ^178 , ^ ^,129 , ^ ^,349 , ^ ^,256 , „ ^,156 

Oi7 + + (337 + ^47 + '^57 + ^^67 ) 

0^72^^ + 0^7^^^ + 0^7^29 ^ ^m^349 ^ ^m^256 ^ c^m^l56^ 
/^'"7^^ 



(B.20) 
(B.21) 
(B.22) 



«! = 


(— 2ai, 4ai, — 2ai, 


— 2ai, — 2ai, — 2ai, 4ai 


4ai, - 


-2ai), 


0:2 = 


(4a2, -2a2, -2a2, 


-2a2, -2a2, -2a2,4a2 


4a2, - 


-2a2), 


as = 


(4a3,4a3, -2a3, - 


-2a3, -2a3, -2a3, -2a3 


-2a3 


403), 


0:4 = 


(— 2a4, — 2a4, 4a4, 


4a4, — 2a4, — 2a4, — 2a4 


— 2a4 


404), 


"5 = 


(-205,405, -205, 


-2a5,4a5,4a5, -2a5, - 


-205, - 


-205), 


"6 = 


(4a6, -2a6, -2a6, 


-2a6,4a6,4a6, -2ae, - 


-2ae, - 


-2a6), 


/^^ = 


-fi^ = -I2A12. 









(B.23) 



It follows that 



—lai 0^3 7 + 2\Cii + 0^2 ctg j7 + 2a2 03 7 + 2a 



m^m^,1234 

'3 "4 7 
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-2a^a^7i^^9 + 2a;^a^72569 

2(a™a2 - a™ai + a^ae - 0^05)7^^ - 2{a^ai - 0^01)7 
+2(a7^a6 - a^ai + a^ag - 0^^2)7^^^ + 2(a™a4 - <a2)7'^^ 
+2(af as - 0^04)7^^^ - 2(a™a6 - a'^a^)^^'^^, 



(B.24) 



(B.25) 



and thus the -D(m) becomes 



-D(.m) 



(/i + 2(0!]^ 02 — 0^2 ^1 + 0^5 ^6 — ^6 ^sj )l 



+ - 2«a6 - a^a4))7^^^ + + 2(a™a5 - a^a4))7^^^ + 9_a™7^29 

+ + 2(a™a6 - a^ai + a^ag - a^a2))7^^^ 

+ + 2(a™a4 - a™a2))7'^^ + (.9_a™ - 2(a7^a4 - <ai))7^^^ 

-2a™a^7i^^9 + 2a^a^727^9 + 2a^a™7i234 _ 20^0^71569 ^ 2a^a;?^725'^9 

+2(a™a^ + a™a™)7^6^^ (B.26) 



j,m^m^l789 . 

7^ term, -D(m) could be a Cartan. We find that D^^) for this background is not expanded 
in terms of projectors only. 



Note that there is the term — 2a^a^7i''^''* + 2a;™a™7^'^^^, but not a 7^ term. If there was a 

^(m) 
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